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Abstract: We explore the Renormalization Group flow of massive uncharged fermions
– a candidate for dark matter – coupled to a scalar field through a Higgs portal. We
find that fermionic fluctuations can lower the bound on the scalar mass that arises from
vacuum stability. Further, we discuss that despite the perturbative nonrenormalizability
of the model, it could be ultraviolet complete at an asymptotically safe fixed point. In
our approximation, this simple model exhibits two mechanisms for asymptotic safety:
a balance of fermionic and bosonic fluctuations generates a fixed point in the scalar
self-interaction; asymptotic safety in the portal coupling is triggered through a balance
of canonical scaling and quantum fluctuations. As a consequence of asymptotic safety
in the dark sector, the low-energy value of the portal coupling could become a function
of the dark fermion mass and the scalar mass, thereby reducing the viable parameter
space of the model.
ar
X
iv
:1
80
2.
08
58
9v
1 
 [h
ep
-p
h]
  2
3 F
eb
 20
18
Contents
1 Introduction 1
2 Asymptotic safety and predictivity 3
3 Derivation of beta functions 4
3.1 Functional Renormalization Group 4
3.2 Beta functions for the Higgs portal model 5
4 Renormalization Group flow in the Higgs portal to fermionic dark
matter & Higgs-mass bound 7
5 Asymptotic safety in the Higgs-portal to fermionic dark matter 9
5.1 Mechanisms for asymptotic safety 9
5.2 Fixed-point properties 11
5.3 Predictivity and the Higgs-portal coupling 12
6 Conclusions and outlook 14
A Connection to perturbation theory in the scalar sub-sector 16
B Threshold integrals 17
C Projection rules 18
D β-functions for general Nf and N 19
1 Introduction
Astrophysical observations provide clues that something is missing in our understanding
of the degrees of freedom that make up the matter in our universe. Modifications
of gravity as well as additional matter degrees of freedom are both considered as
possible candidates. A particularly simple model contains an additional “dark”, i.e.,
uncharged fermion ψ, that couples to the Higgs field H of the Standard Model through
a Higgs-portal interaction [1, 2] of the form
LHP = λ¯hψψ¯ψH†H. (1.1)
At an appropriate interaction strength, dark matter with an abundance in accordance
with observations can be produced thermally in the early universe, i.e., ψ is a thermal
relic [3, 4]. Additionally, the Higgs portal opens the door for direct searches at dedicated
experiments, e.g., [5, 6] as well as at the LHC, see, e.g., [7–10]. These have already
succeeded in excluding a part of the parameter space spanned by the fermion mass Mψ
– 1 –
and the Higgs-portal coupling λ¯hψ, see, e.g., [11].
In the effective field theory setting, the mass and the portal coupling are independent
free parameters. Demanding that ψ constitutes the complete dark matter relic abun-
dance imposes a constraint on the cross-section of Higgs-fermion scattering processes,
translating into a line in the Mψ − λ¯hψ plane. This still leaves a huge range of masses
for experiments to explore, making it difficult to completely exclude this model as a
viable dark-matter model, even under the very strong assumption that no additional
dark matter degrees of freedom exist. Our first aim in this paper is to highlight that if
the model is analyzed from an asymptotically safe point of view an additional constraint
linking Mψ to λ¯hψ might arise from the consistency of the underlying ultraviolet (UV)
physics. At the same time, such a setting addresses the problem that the Higgs-portal
coupling has negative mass dimension and the model is therefore not perturbatively
renormalizable. The asymptotic safety scenario goes beyond the paradigm of perturba-
tive renormalizability. It can provide a UV completion for effective field theories, even
if they feature higher-order couplings. In this case, the running couplings approach
finite values at high momenta, triggered by an underlying, interacting Renormalization
Group (RG) fixed point. Such a fixed point can also be achieved for perturbatively non-
renormalizable couplings. These higher-order couplings cannot become asymptotically
free, as their negative scaling dimension implies that they cannot deviate from zero,
once they have been set to zero in the UV. In the asymptotically safe case, residual
interactions are present which alter the scaling dimensions of couplings and can generate
an interacting fixed point at high energies.
For instance, a particularly intriguing case is that of gravity. Despite its perturba-
tive nonrenormalizability, a quantum field theory of the metric could exist within the
paradigm of asymptotic safety. Strong indications in favor of the theoretical viability
of such a model have been found, see, e.g., [12–17], and promising hints suggest the
possibility of a predictive asymptotically safe model of quantum gravity and Standard
Model matter, see [18–25] and references therein. In that case, the search for asymptotic
safety is complicated by conceptual and technical challenges. Thus, finding a simpler
candidate for an asymptotically safe model in d = 4 to analyze the paradigm’s implica-
tions is desirable.
Interacting RG fixed points are well known in statistical physics, defining universality
classes for continuous phase transitions. Typically, the setting of these models is that of
three (Euclidean) dimensions. In high-energy physics, asymptotic safety was recently
discovered in perturbation theory. It was found that gauged Yukawa systems in four
dimensions, i.e., models containing a large number of scalars, fermions and vector bosons,
can become asymptotically safe [26–29].
Here we aim at providing indications for asymptotic safety in a model in d = 4 that is
very simple in terms of the degrees of freedom it contains: We consider the Higgs portal
model with fermions and scalars and find hints for asymptotic safety in a truncated
system of RG equations. In particular, the system is intriguing as it exhibits two
mechanisms that can lead to asymptotic safety: Firstly, the Higgs-portal coupling with
negative mass dimension reaches an asymptotically safe regime, as canonical scaling
and quantum scaling balance. Secondly, the quartic Higgs coupling which has vanishing
– 2 –
canonical dimension becomes asymptotically safe because fermionic and bosonic fluctu-
ations balance. The latter mechanism plays a role in the case of asymptotically safe
gauged Yukawa systems, while the former is key for quantum gravity. The Higgs-portal
fermion model could be a particularly simple case to exemplify these mechanisms.
Further motivation to study the RG flow of the model stems from the compatibility
of the observed Higgs mass with vacuum stability: Within the Standard Model, the
Higgs quartic coupling must be negative at the Planck scale – at least for the central
value of the measured top mass – in order to accommodate a Higgs mass of 125 GeV
[30–44]. Additional degrees of freedom that couple to the Higgs can impact the running
of its potential and thereby either increase or reduce the tension between a vanishing
quartic Higgs coupling at the Planck scale and the measured Higgs mass.
This paper is structured as follows: We introduce the key ideas underlying asymptotic
safety in Sec. 2, derive the beta functions in a truncation of the full dynamics with
functional RG techniques in Sec. 3, analyze the RG flow and fixed-point properties in
Secs. 4 and 5, respectively, and conclude in Sec. 6.
2 Asymptotic safety and predictivity
An asymptotically safe UV completion is defined by an RG fixed point at which the
couplings take finite values. Specifically, the fixed point exists for the dimensionless
versions of all couplings, i.e., in the fixed-point regime all dimensionful quantities scale
according to their canonical dimension. Finiteness in the dimensionless couplings suffices
to guarantee finiteness of observables, such as, e.g., scattering cross-sections, at all
energy scales [12]. Asymptotic safety provides a generalization of asymptotic freedom,
where the UV fixed point is a free fixed point. In contrast, theories exhibiting asymptotic
safety feature a scale invariant, but interacting rather than free, regime in the UV.
Towards the infrared (IR), the RG flow drives the couplings away from their fixed-point
values. The deviation is encoded in a set of free parameters, corresponding to the
relevant couplings.
For a theory with couplings gi and corresponding beta functions βgi(gj) = ∂tgi(k) =
k∂k gi(k) asymptotic safety entails the condition
βgi(gj) = 0. (2.1)
For a given model governed by a specific set of symmetries, in general an infinite number
of operators obey those symmetries; the couplings gi corresponding to these operators
span the infinite dimensional theory space. To analyze the predictivity of the model, let
us define the stability matrix Bij describing the linearized flow in the vicinity of a fixed
point at gi = g∗i as
Bij = ∂βgi
∂gj
RRRRRRRRRRRg⃗=g⃗∗ . (2.2)
The eigenvalues of the stability matrix multiplied by an additional negative sign,
θI = −eigBij , (2.3)
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are the critical exponents. To see the connection between the critical exponents and
predictivity, we note that the definition of the stability matrix in Eq. (2.2) is also the
leading- order term in the Taylor expansion of the beta functions about the fixed point.
The solution to the linearized RG flow provides the couplings, at linear approximation,
in the vicinity of the fixed point
gi(t) = g∗i +∑
I
cI V
I
i e
−θI t, (2.4)
where the VI are the eigenvectors of the stability matrix corresponding to the eigenvalues−θI and the cI are a priori undetermined constants of integration. However, only a subset
of those actually plays a role at low energies, allowing the model to be predictive. The
directions with negative critical exponents are called irrelevant. Along those directions,
the RG flow towards the IR pulls the couplings towards the fixed-point value, irrespective
of the value of cI . Therefore, the corresponding cI is irrelevant. In contrast, the positive
critical exponents and corresponding directions are relevant parameters and directions.
Deviations from the fixed point along a relevant direction determine the low-energy
physics: The RG flow to the IR deviates from the fixed point on a trajectory within the
critical hypersurface spanned by the relevant directions. A free parameter – indicated
by the corresponding cI – is associated to each such direction. The values of the relevant
parameters must be taken as input from experiment; demanding asymptotic safety then
determines the values of the irrelevant couplings as functions of the relevant couplings.
A model is nonperturbatively renormalizable if it is defined on an RG trajectory that
emanates from an asymptotically safe fixed point with a finite number of relevant
directions. Crucially, this can be realized also for perturbatively nonrenormalizable
theories with couplings of negative mass dimension.
3 Derivation of beta functions
3.1 Functional Renormalization Group
The functional RG is based on Wilson’s concept of integrating out momentum shells in the
Euclidean generating functional. For the effective action, this is achieved by augmenting
the generating functional by the addition of a mass-like, RG-scale-dependent and
momentum-dependent cutoff term that suppresses low-momentum quantum fluctuations.
Lowering the RG scale k successively allows to take into account progressively more IR
field configurations. Taking a (modified) Legendre transform provides the flowing action
Γk[Φ], which depends on the expectation value of the fields in the model, summarized
in the “superfield” Φ. Γk smoothly interpolates between the microscopic action in the
UV and the standard effective action Γk→0[Φ] = Γ[Φ] in the IR. Γk[Φ] contains all
operators and corresponding couplings gi(k) obeying the symmetries of the theory. The
scale-dependence of couplings can be read off from the scale dependence of Γk[Φ],
∂tΓk[Φ] =∑
i
βgi ∫ ddxOi, (3.1)
by projecting the full flow ∂tΓk[Φ] onto the field monomial Oi corresponding to the
coupling gi(k) of interest. The functional RG equation, also known as the Wetterich
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equation [45, 46], encodes the flow in theory space in a functional differential equation
∂tΓk[φ] = 1
2
STr∂tRk (Γ(2)k +Rk)−1 , (3.2)
where STr represents a supertrace summing over all discrete indices and integrating
over all continuous indices. For Grassmann-valued fields, such as the dark fermion,
an additional negative sign is included. Γ
(2)
k = →δδΦTi Γk ←δδΦj is a matrix in field-space. In
our case, ΦT = (φ,ψT , ψ¯), where the fields can also carry additional internal indices.
The regulator ensures IR and UV regularity in the flow equation. This is a direct
consequence of the fact, that an IR regulator, inserted as a mass-like term in the
generating functional should satisfy Rk(p2) > 0 for k2 > p2 (suppression of IR modes
with momenta p2 < k2) and Rk(p2)→ 0 for k2 < p2 (allows UV modes to be integrated
out) and thus ∂tRk(p2) → 0 for p2 > k2. Eq. (3.2) gives, in one-loop-exact form, the
running of the flowing action of a theory and will be the main tool utilized in our analysis
in the rest of this paper. Once a basis in theory space is chosen, e.g., by performing
a derivative expansion, the flow equation translates into an infinite tower of coupled
differential equations for the corresponding beta functions. For practical purposes, it
is necessary to resort to an approximation, i.e., a truncation of theory space is chosen.
Physically, this corresponds to neglecting some part of the dynamics. A good choice
of truncation that neglects only sub-leading parts of the dynamics is crucial to obtain
robust results.
For reviews on the functional RG, see, e.g., [47–53].
3.2 Beta functions for the Higgs portal model
We study the Euclidean action of a scalar O(N)-model coupled to Nf fermionic degrees
of freedom with a U(Nf) symmetry for the fermions which reduces to a Z2 symmetry for
one flavor, i.e., Nf = 1. This includes a complex scalar field for N = 2, and four degrees
of freedom, as the Standard Model Higgs, for N = 4. The flowing action Γk contains all
terms compatible with these symmetries. This excludes a Yukawa-interaction between
fermions and scalars. We employ a derivative expansion and focus on the (next-to-)
leading order. Furthermore, we include only terms up to quadratic order in the fermions,
neglecting, e.g., four-fermion interactions, which carry canonical dimension -2. Thus
our truncation reads
Γk = ∫ ddx[i Nf∑
j=1 ψ¯j(Zψ /∂)ψj + 12Zφ
N∑
a=1∂µφa∂µφa + i
Nf∑
j=1 ψ¯jψj V¯ (ρ) + U¯(ρ)] , (3.3)
where ρ = 12 ∑Na=1 φaφa. Zφ = Zφ(k) and Zψ = Zψ(k) are scale-dependent wave-function
renormalizations for the fields related to the anomalous dimensions by
ηφ = −∂t lnZφ , ηψ = −∂t lnZψ . (3.4)
We carry out our analysis in two regimes of the scalar potential
U¯SYM(ρ) = m¯2φρ + Nt∑
n=2
λ¯2n
n!
ρn, U¯SSB(ρ) = Nt∑
n=2
λ¯2n
n!
(ρ − κ¯)n , (3.5)
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where Nt is the maximum order of the truncation, and the shorthand LPA
(′)
Nt
is used
to denote such truncations, with the prime indicating the inclusion of the anomalous
dimensions. We explicitly explore Nt = 1, ...,20. Furthermore, we specify the portal
interactions to be
V¯SYM(ρ) = m¯ψ + λ¯hψρ, V¯SSB(ρ) = m¯ψ + λ¯hψ(ρ − κ¯) . (3.6)
The potential is expanded around its minimum in the symmetric and symmetry-broken
phase with κ¯ denoting a nontrivial vacuum expectation value for the scalar in the regime
of spontaneous symmetry breaking (SSB).
For our calculations, we employ bosonic, RBk , and fermionic, R
F
k , Litim-type regulators
[54]:
RBk = Zφ (k2 − p2) θ (k2 − p2) , (3.7)
RFk = Zψ/p⎛⎝
√
k2
p2
− 1⎞⎠ θ (k2 − p2) . (3.8)
To explicitly evaluate the beta functions, we perform an expansion of Γ
(2)
k into terms
with and without fermionic field content. This allows us to expand the right-hand-side
of Eq. (3.2) up to second order in the fermionic fields, which is all we need in our
truncation. Specifically,
Γ
(2)
k +Rk = Pk +Fk, (3.9)
where Pk = (Γ(2)k +Rk) ∣ψ=0=ψ¯, and Fk is the corresponding remainder term. Together
with the definition of ∂˜t, which only acts on the k-dependence in Rk, this allows to
rewrite Eq. (3.2),
∂tΓk = 1
2
STr∂˜tP−1k + 12 ∑n (−1)n−1n STr∂˜t (P−1k F)n . (3.10)
In our case, terms in F are either linear or quadratic in the fermion fields, and thus we
can terminate the expansion at n = 2. Explicitly,
Pk(p, q) = ⎛⎜⎜⎝
δab(Zφp2 + U¯ ′(ρ)) + φaφbU¯ ′′(ρ) 0 0
0 0 (−Zψ/pT − iV¯ (ρ))δij
0 (−Zψ/p + iV¯ (ρ))δij 0
⎞⎟⎟⎠ δp,q,
(3.11)
Fk(p, q) = ⎛⎜⎜⎝
iψ¯lψl (δabV¯ ′(ρ) + φaφbV¯ ′′(ρ)) iψ¯jφbV¯ ′(ρ) −iψTjφbV¯ ′(ρ)−iψ¯T iφaV¯ ′(ρ) 0 0
iψiφaV¯ ′(ρ) 0 0
⎞⎟⎟⎠ δp,q . (3.12)
The right-hand side of the Wetterich equation can then be evaluated by performing the
matrix multiplication, taking the trace over the Dirac indices, including an additional
negative sign for fermions and performing the momentum integral. To isolate the running
of specific couplings from the Wetterich equation, we project onto the corresponding
field monomials. For example,
∂tU¯k = 1
Ω
∂tΓk∣
ψ=0=ψ¯;ρ=const, (3.13)
– 6 –
where Ω is the spacetime volume. In particular, suitable projections, cf. Eq. (C.1) in
App. C, give the running of the dimensionless fermionic couplings mψ and λhψ. We
state these general β-functions in Eq. (D.3) in App. D. The transition from dimensionful
(with bars) to dimensionless couplings (without bars) is given by
mψ = m¯ψ
Zψk
, mφ = m¯φ
Z
1/2
φ k
, κ = κ¯
Zφk2
,
λhψ = λ¯hψ
ZψZφk3−d , λ2i = λ¯2iZiφ kd−(d−2)i . (3.14)
This results in the following expressions
∂tU(ρ) = (d − 2 + ηφ)U ′(ρ)ρ − dU(ρ) (3.15)+ l(B)d0 (ωρ(ρ);ηφ) + (N − 1) l(B)d0 (ωG(ρ);ηφ) −Nf dγ l(F )d0 (ωψ(ρ);ηψ) ,
∂tmψ = (−1 + ηψ)mψ + λhψ∂tκ + (d − 2 + ηφ)λhψκ− λhψ (l(B)d1 (ωρ;ηφ) + (N − 1) l(B)d1 (ωG;ηφ))+ 4κλ2hψ√ωψ l(BF )d1,1 (ωρ, ωψ;ηφ, ηψ) , (3.16)
∂tλhψ = (d − 3 + ηψ + ηφ)λhψ+ 2λhψ ω′ρ (l(B)d0 (ωρ;ηφ) + (N − 1)ω′G l(B)d0 (ωG;ηφ))+ 4 (κλ3hψ + λ2hψ√ωψ) l(BF )d1,1 (ωρ, ωψ;ηφ, ηψ)− 8κλ3hψωψ l(BF )d1,2 (ωρ, ωψ;ηφ, ηψ)− 4κλ2hψ√ωψ ω′ρ l(BF )d2,1 (ωρ, ωψ;ηφ, ηψ) . (3.17)
In our truncation,
ηψ = 0, ηφ = κ(3λ4 + 2κλ6)2
16pi2(1 + 2κλ4)4 , (3.18)
where the explicit threshold integrals ldi integrated with Litim-type cutoff function are
given in App. B. The effective squared masses of the radial mode ωρ, the Goldstone
mode ωG and the fermions ωψ are given by
ωρ = U ′(ρ) + 2ρU ′′(ρ) , ωG = U ′(ρ) , ωψ = V (ρ)2 . (3.19)
We explicitly confirm that in the corresponding limits, our results are in agreement with
those for the flow of the scalar potential [55] and for the Higgs-portal coupling [56].
4 Renormalization Group flow in the Higgs portal to fermionic dark
matter & Higgs-mass bound
We now analyze the RG flow in the Higgs-portal model. To be specific, we initially
focus on N = 1, Nf = 1 and expand to quartic order in the symmetric scalar potential.
– 7 –
Furthermore, we begin by setting ηφ = 0 = ηψ. The beta functions in this truncation are
given by
βλhψ = λhψ + 3λ4 λhψ16pi2(1 +m2φ)3 + mψ λ
2
hψ(2 +m2ψ +m2φ)
8pi2(1 +m2φ)2(1 +m2ψ)2 , (4.1)
βλ4 = 9λ2416pi2(1 +m2φ)3 + λ
2
hψ
4pi2(1 +m2ψ)2 − m
2
ψ λ
2
hψ
pi2(1 +m2ψ)3 , (4.2)
βmψ = −mψ − λhψ32pi2(1 +m2φ)2 , (4.3)
βm2
φ
= −2m2φ + mψλhψ4pi2(1 +m2ψ)2 − 3λ432pi2(1 +m2φ)2 , (4.4)
where the nontrivial denominators are a consequence of the Functional RG setup. They
lead to automatic decoupling of massive degrees of freedom, once the RG scale k drops
below the corresponding mass. Setting those threshold contributions to one reproduces
the universal one-loop coefficient of the beta function for the dimensionless quartic
coupling λ4.
In particular, it is of interest to explore the impact of fermionic fluctuations on the
Higgs potential. Fermions which are coupled to the Higgs through a standard Yukawa
interaction of the form ψ¯ψH + h.c. lead to a lower bound on the Higgs mass if the
condition of vacuum stability is imposed [30–44]: This is a consequence of a negative
fermionic contribution to the beta function for the Higgs quartic coupling. Starting with
a vanishing Higgs quartic coupling at an UV scale Λ, this term leads to a growth of λ4
towards the infrared. The larger the fermion mass, i.e., the Yukawa coupling, and the
larger the UV scale Λ, the larger the resulting IR value of the Higgs quartic coupling λ4.
As this sets the mass of the Higgs, low Higgs masses can only be reached if the initial
UV value of λ4 is chosen negative, typically interpreted as indication for an unstable
Higgs potential at that scale.
Intriguingly, the situation differs for a fermion coupled through a Higgs-portal interaction.
Depending on the value of the fermion mass, the fermionic fluctuations can add a positive
or a negative contribution to βλ4 , cf. Eq. (4.2). For the dimensionless mass m
2
ψ < 1/3,
fermionic fluctuations yield a positive contribution to the running of the Higgs quartic
coupling. This is structurally identical to the Higgs portal to scalar dark matter.
It is well-known that scalar dark matter coupled through a Higgs portal leads to a
stabilization of the Higgs potential, in other words, it lowers the lower bound on the
Higgs mass [57–60].
On the other hand m2ψ > 1/3 corresponds to a regime where fermionic fluctuations coupled
through a Higgs portal act in a similar way as those coupled through Yukawa interactions,
leading to an increase of the quartic coupling towards the infrared. Accordingly, in this
regime the lower bound on the Higgs mass arising from the demand of vacuum stability
would be shifted towards larger values.
Sufficiently light fermionic dark matter accordingly contributes to lowering the lower
bound on the Higgs mass. As the corresponding fermionic contributions to βλ4 should
also be present for the Higgs quartic coupling in the Standard Model, a similar effect is
– 8 –
to be expected. Therefore, fermionic dark matter might contribute to reconciling the
measured Higgs mass of 125 GeV with a vanishing (instead of slightly negative) Higgs
quartic coupling at the Planck scale.
5 Asymptotic safety in the Higgs-portal to fermionic dark matter
5.1 Mechanisms for asymptotic safety
Asymptotic safety can arise through the balance of loop terms, e.g., through the balance
of one-loop versus two-loop terms in a perturbative regime, see, e.g., [26, 61] or through
the balance of fermionic versus bosonic loops at the same loop-order. The latter can
also be present beyond the perturbative regime, i.e., the nonperturbative contributions
from fermions and bosons can cancel to generate asymptotic safety, see, e.g., [56, 62, 63]
for corresponding studies. A second possibility for asymptotic safety is present for
dimensionful couplings, where canonical scaling can balance against quantum scaling,
i.e., against loop effects, see, e.g., [65, 66]. The present model features both mechanisms.
The Higgs-portal coupling has negative mass dimension and therefore features
a canonical linear term in its beta function. Quantum fluctuations can balance this
dimensional running, schematically
βgi = canonical × gi − quantum × g2i = 0 . (5.1)
In general the quantum contribution can arise from a combination of different couplings
in the model. For the Higgs-portal coupling, cf. Eq. (4.1), this mechanism can be realized
whenever the portal coupling and the dark-matter mass have opposite sign. In this
case, the classical scaling ∼ λhψ can be balanced by quantum fluctuations proportional
to ∼ mψλ2hψ. A similar mechanism generating an interacting fixed point appears to
be at work for the Newton coupling in asymptotically safe quantum gravity in d > 2
dimensions [67–69], for the Wilson-Fisher fixed point in three dimensions [70], as well as
for Yang-Mills theory in d = 4+ dimensions [64, 65]. This mechanism becomes accessible
in perturbation theory in the vicinity of the critical dimension of an interaction, i.e., in
d = dcrit ±  dimensions, where the dimensional term is ∼ , and can balance against the
one-loop term at an interacting fixed point of order .
For couplings with vanishing mass dimension, i.e., perturbatively renormalizable
ones, the dimensional running is absent and thus asymptotic safety can only be realized
if different quantum fluctuations balance against each other. Typically, bosonic and
fermionic fluctuations come with opposite sign and therefore models with both bosons
and fermions are prime candidates to exhibit such a mechanism for interacting fixed
points, schematically, see, e.g., [62]
βgi = bosonic fluct. × g2b − fermionic fluct. × g2f . (5.2)
The different contributions can in general arise from different interactions of the model,
schematically indicated by a bosonic coupling gb and a fermionic coupling gf . In the
beta function of the quartic scalar coupling, the contribution from fermionic fluctuations
– 9 –
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Figure 1: Fixed point values for Nf = N = 1 with increasing truncation order Nt
in the symmetric regime (left-hand panel) and in the regime of spontaneously broken
symmetry (right-hand panel). All fixed point values are normalized to the values at the
highest order.
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Figure 2: Critical exponents for Nf = N = 1 with increasing truncation order Nt
in the symmetric regime (left-hand panel) and in the regime of spontaneously broken
symmetry (right-hand panel). All fixed point values are normalized to the values at the
highest order.
proportional to the Higgs-portal coupling can balance against the bosonic fluctuations
proportional to the quartic coupling itself, cf. Eq. (4.2). In particular, the fluctuations
of massive fermions can add effective antiscreening contributions balancing the screening
effect of bosonic quantum fluctuations. Here, the mechanism requires a non-vanishing
portal coupling λhψ and a large enough dark matter mass mψ. Note, that a fermion
mass is expected to be present in the model as the Higgs-portal coupling breaks chiral
symmetry.
A similar mechanism is present in the conjectured quantum-gravity induced UV-
completion for the Standard Model [22]. In that case, matter and gravity fluctuations
balance to induce an interacting fixed point which has a higher predictive power than
the Standard Model itself. A related mechanism, with one-loop and two-loop terms can-
celling against each other underlies the perturbative fixed points found in gauge-Yukawa
systems with a large number of fields [26].
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m∗ψ κ∗ λ∗4 λ∗hψ ηφ θ1 θ2 θ3 θ4
18.3 2 ⋅ 10−3 129.4 -9497 0.50 12.54 3.71 1.71 -1.90
Table 1: Fixed-point coordinates of the masses and quartic couplings, the four leading
critical exponents and the scalar anomalous dimension in LPA
′
20 in the symmetry-broken
parameterization.
m∗ψ m2∗φ λ∗4 λ∗hψ θ1 θ2 θ3 θ4
4.61 -0.45 25.3 -438 2.2 + i 2.1 2.2 - i 2.1 0.56 -4.70
Table 2: Fixed-point coordinates of the masses and quartic couplings and the four
leading critical exponents in LPA20 in the symmetric parameterization.
5.2 Fixed-point properties
We now analyze the tentative fixed point in the Higgs-portal model in more detail,
and in particular investigate its robustness under improvements of the approximation,
i.e., enlargements of the truncation. The fixed point features three relevant directions,
cf. Tab. 1 and 2 as well as Fig. 1 and 2. In the symmetric parameterization, its properties
appear reasonably stable under an increase of the truncation order in the scalar potential.
We find that the fixed-point value for the scalar mass squared is negative. This indicates
that the asymptotically safe fixed point lies in the symmetry-broken regime. Hence,
one would expect an ansatz for the scalar potential in the symmetry-broken regime to
be better suited to quantitatively describe the fixed-point regime. In particular, one
would expect that lower orders in the truncation already provide better estimates for
the critical exponents in the symmetry-broken regime. Indeed we rediscover the fixed
point in the symmetry-broken parameterization given by Eq. (3.5). However we find
that the critical exponents at low orders of the truncation deviate significantly more
from those at higher orders than in the symmetric parameterization, cf. Fig. 2. This
might be a consequence of the fact that a symmetry-broken parameterization is not
well-suited to capture the properties of the fermionic sector: While the scalar potential
features a nontrivial minimum in the symmetry-broken regime, the same need not be
true for the Higgs-portal potential V (ρ).
Canonically, the model features two relevant couplings, namely m2φ and mψ, with mass-
dimension 2 and 1, respectively. Further, the quartic scalar self-interaction is marginally
irrelevant and the Higgs-portal coupling has mass-dimension -1. The four largest critical
exponents show deviations O(1) from the canonical values 2,1,0,−1. Nevertheless, our
truncation strategy of neglecting canonically higher-order couplings appears justified,
as extending the truncation by canonically irrelevant couplings, such as, e.g., higher
powers in the Higgs potential, only adds irrelevant directions.
The three relevant and first irrelevant directions are superpositions of four quantities,
namely the two masses, mψ, mφ and the two quartic couplings λ4, λhψ. In an effective
field theory description of fermionic dark matter coupled via a Higgs-portal all four
couplings are free parameters that have to be constrained by experiment in order to test
the model. The asymptotically safe UV completion of the model results in one relation
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Figure 3: Asymptotically safe prediction for the relation between Higgs-portal coupling
λ¯hψ,IRvev and dark fermion mass Mψ,IR/vev in units of the vacuum expectation value,
fixed to vev2 = 0.1 for different scalar masses MH,IR/vev and N = 1. The regime at small
coupling (gray-shaded region) and small dark fermion mass cannot be accessed in the
given truncation.
among those four couplings. Thus it provides a prediction for the irrelevant superposition
of couplings in terms of the relevant ones, cf. Sec. 2. In particular, we can choose the IR
values of two couplings in the scalar potential, i.e., the Higgs mass and quartic coupling.
In a more realistic model these two parameters would already be fixed by experimental
data. Asymptotic safety enforces a relation λhψ(mψ,mφ,exp, λ4,exp) = λhψ(mψ) between
the remaining two parameters λhψ and mψ.
5.3 Predictivity and the Higgs-portal coupling
To explicitly demonstrate the predictive power of asymptotic safety we construct RG
flows from the UV to the IR. Along irrelevant directions such trajectories are quickly
attracted to the critical hypersurface of the UV fixed point. Thus, fixing the IR vacuum
expectation value κIR and the IR effective masses
MH,IR = √2κ¯ λ4∣
k→0, Mψ,IR = m¯ψ∣k→0, (5.3)
determines the deviation from the fixed point encoded in the values of κ,λ4 and mψ.
For all asymptotically safe trajectories, λhψ is then determined in terms of κ,λ4 and
mψ. For our specific example, we focus on Nf = 1 and N = 1 and evaluate the RG
flow in the symmetry-broken phase in LPA 4 for simplicity. For N = 1 there are no
massless Goldstone modes, just as in the Standard Model. Thus, at an infrared RG
scale kIR below the values of the physical masses MH,IR and Mψ,IR, the threshold effects
in Eqs. (4.1)-(4.4), and their symmetry-broken counterparts in Eq. (D.3) lead to an
automatic decoupling of the corresponding degrees of freedom, cf. right panel in Fig. 4.
In this regime, all dimensionful quantities stop running, whereas their dimensionless
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Figure 4: Left-hand panel: running of the dimensionless Higgs-portal coupling λhψ with
RG scale k from the far UV to the IR. All coupling values at scales above Mψ,IR/vev are
attracted to trajectories close to the fixed point. This predicts λhψ,IR. The values of the
relevant couplings are fixed by vev2 = κIR = 0.1, MH,IR/vev = 2 and Mψ,IR/vev = 1.6×108.
Right-hand panel: Corresponding running of the physical masses MH/vev(k) (dashed)
and Mψ/vev(k) (solid). The plot shows UV scaling in a regime with dynamical bosons
and fermions above Mψ,IR. When the dark fermions become non-dynamical the flow
departs from the fixed point. Below MH,IR, after all degrees of freedom are decoupled,
the flow enters the IR-scaling regime.
counterparts scale canonically. We can thus read off the IR values of all couplings once
k has dropped below kIR.
More specifically, the system is determined by the interplay of the two mass scales
MH,IR and Mψ,IR. The light scalar mass MH,IR sets the IR-scale at which the scalar
degree of freedom decouples. Correspondingly, the heavier fermion mass Mψ,IR sets the
decoupling scale of the dark matter fermions. The UV scaling regime relies on a strongly
coupled fermion sector to balance the classical scaling of λhψ, cf. Sec. 5.1. Hence, the
freeze-out of the fermionic degrees of freedom at Mψ,IR also determines the scale at
which trajectories depart from the scaling regime at the UV fixed point. The fermion
mass thus sets the dynamically emergent transition scale from the fixed-point regime.
Towards the IR, trajectories with a scaling-regime in the IR are first pulled towards
increasing λhψ. Between the two scales MH,IR and Mψ,IR, the system thus develops
an additional dynamical scale kstrong at which bosonic fluctuations in the running of
λhψ and λ4 outgrow the fermionic contributions, cf. Fig. 4. The fermionic couplings,
which are dominant above kstrong, tend to drive the system towards stronger couplings.
Below kstrong, the scalar contributions push the system back into a more weakly coupled
regime.
In Fig. 4 we demonstrate how the model dynamically determines λ¯hψ(kIR): We choose
UV initial-conditions for the relevant directions such that vev2 = κIR = 0.1, MH,IR/vev = 1
and Mψ,IR/vev = 1.9 × 1011. The left panel in Fig. 4 highlights that the prediction of
λhψ is independent of the UV initial conditions, as long as the UV cutoff scale is chosen
high enough, since a range of UV-values is attracted towards the critical trajectory.
Effectively, the asymptotically safe regime washes out physics determining λhψ above
Mψ,IR/vev. In particular, setting the deep-UV value of the Higgs-portal coupling to the
fixed-point value, the IR value is unique. Fig. 4 clearly shows that even tiny deviations
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from the critical trajectory in the deep IR are incompatible with asymptotic safety in
the UV.
Further, we scan through a range of UV values of mψ, translating into an IR range of
dark-fermion masses. For each triple (κ,λ4,mψ), λhψ is fixed uniquely by asymptotic
safety. The asymptotic safety paradigm then predicts a relation λ¯hψ(Mψ) for the
dark-matter candidate. This “asymptotic-safety line” is shown in Fig. 3. Values of
the mass and portal coupling that deviate from this line will result in divergences at
higher energies: the model becomes non-fundamental, i.e., reduces to the less predictive
effective field theory setup.
If the property of asymptotic safety persisted under the inclusion of further Standard
Model degrees of freedom, such a relation could be exploited to guide experimental
searches for dark matter: Demanding that the dark fermion constitutes the complete
dark-matter relic-density leads to a relation λ¯hψ(Mψ). If a fixed point were indeed
available, then demanding asymptotic safety in the model would lead to a second,
independent relation between these two parameters (if all other parameters such as, e.g.,
the Higgs mass, are held fixed). Let us assume that this is indeed the case in order to
briefly discuss the phenomenological consequences. There are two distinct possibilities
for these two relations: If they cannot be imposed simultaneously, asymptotic safety in
this model is incompatible with the dark fermion constituting all of the observed dark
matter. Depending on the location of the asymptotic-safety relation λhψ(mψ), it might
not be possible to accommodate any of the observed dark matter, if the asymptotic-safety
line lies in the regime where an over-density is produced. The second possibility results
in one unique point where the relic-density line and the asymptotic-safety line intersect,
leading to a unique prediction for mψ and λhψ under the combined assumptions of
100% relic density and asymptotic safety. Given that for mψ ≳mHiggs, the relic-density
line in the λ¯hψ −Mψ plane asymptotes to a constant, see [11], our explicit results for
the asymptotic safety prediction would indeed imply a single intersection point. We
stress that within our toy model such inferences on experimental tests cannot be made.
However our model does highlight the potential predictive power of the asymptotic-safety
paradigm.
6 Conclusions and outlook
We explore the Higgs-portal coupling to dark fermions and discover potential hints for
asymptotic safety in this model. The symmetries of the model restrict the interaction to
a quartic coupling between two powers of the Higgs field and two fermions, instead of a
Yukawa-type coupling with one power of the Higgs field. While the latter is perturbatively
renormalizable in four dimensions, the former is not. Within canonical power counting,
the Higgs portal model therefore is an effective field theory. Going beyond canonical
power counting, quantum fluctuations can alter the scaling dimensions of couplings
and could induce nontrivial fixed points of the RG, generalizing asymptotic freedom to
asymptotic safety which underlies a notion of nonperturbative renormalizability. We
find hints for asymptotic safety in the Higgs-portal model. An interacting fixed point
exists in our approximation. If confirmed beyond our truncation, our findings would
imply that scalars in four dimensions are no longer trivial if coupled to a fermionic
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sector. Our model circumvents the conclusion in [61], as it relies on the presence of a
perturbatively nonrenormalizable Higgs-portal coupling.
Asymptotic safety in the UV could have intriguing consequences for the IR: In our
approximation, all UV complete RG trajectories that emanate from the fixed point
impose a relation among the couplings. In particular, given the Higgs mass, fermion
mass and Higgs quartic selfinteraction, the Higgs-portal coupling might no longer be a
free parameter. Instead, its value can be calculated given the other three quantities. In
this paper, we demonstrate this explicitly within our toy model.
Further, we analyze the RG flow away from the potential fixed point with a view towards
lower bounds on the Higgs mass arising from vacuum stability. Fermionic fluctuations
coupled through a Yukawa coupling tend to increase the lower bound, generating a
tension between a positive or vanishing Higgs-quartic interaction up to the Planck scale
and a Higgs mass of 125 GeV. Intriguingly, fermionic fluctuations coupled through the
Higgs portal can have either an increasing or a decreasing effect on the lower bound on
the Higgs mass, depending on the value of their mass. For small masses – measured in
units of the RG scale – they lead to a decrease of the lower bound on the Higgs mass,
just as scalar fluctuations coupled through a Higgs portal do. Accordingly, fermionic
fluctuations coupled through a Higgs portal might contribute to reducing the tension
between a vanishing Higgs quartic coupling at the Planck scale and the measured Higgs
mass of 125 GeV. The converse effect is realized for larger fermion masses.
Beyond the potential phenomenological interest, our model is of intrinsic interest as
it might constitute a simple example for asymptotic safety in four dimensions with a
minimal set of degrees of freedom, namely one scalar and one fermion – extensions
to Nf > 1 and N > 1 appear to also accommodate fixed points. Intriguingly, in our
approximation, both mechanisms that can underlie asymptotic safety are at play here:
To induce an interacting fixed point in the dimensionless quartic Higgs selfinteraction,
the fermionic and bosonic fluctuations have to cancel. To induce an interacting fixed
point in the dimensionful Higgs-portal coupling, the canonical scaling term balances
against the contribution from quantum fluctuations. Regardless of whether asymptotic
safety persists in the Higgs portal sector once further Standard Model degrees of freedom
are included, this model could therefore be an appealingly simple but rich example
of the mechanisms underlying asymptotic safety in other models. To strengthen the
indications for asymptotic safety in the model, truncations are required that take into
account further effects in the strongly coupled fermionic sector, such as, e.g., four-fermion
interactions, and four-fermion-two-scalar interactions.
We emphasize that indications for the existence of the fixed point arise from truncated RG
flows, and we do not see any hints that the fixed point becomes completely perturbative
in any of the limits Ns →∞(d = 4), Nf → 0 (d = 4−), or d→ 3. Moreover, the deviations
from canonical scaling in our truncation are of order 1, hinting at a nonperturbative
nature of the fixed point. Accordingly, a lattice study of the system would be highly
worthwhile, as it could shed further light on the existence of a nonperturbative fixed
point.
There are several intriguing questions that arise as a consequence of our results. We
have focused on the parity-conserving Higgs portal, and have set the parity violating
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interaction LHP non−parity = λ¯hψ,npψ¯γ5ψφ†φ, (6.1)
to zero. Understanding the impact of parity on the fixed-point structure is of interest
from a conceptual as well as a phenomenological point of view, since observational
constraints on the two interaction channels differ, see, e.g., [1].
The fixed point in our truncation can be continued down to d = 3, where it provides
a new universality class, potentially governing the scaling regime in the vicinity of
a continuous phase transition. It is an intriguing question whether an appropriate
condensed-matter system exists.
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A Connection to perturbation theory in the scalar sub-sector
The fixed point that is present in our truncation of the Higgs portal model exhibits
deviations O(1) from canonical scaling in four dimensions, i.e., it appears to be nonper-
turbative in nature. (While one might draw a similar conclusion from the fixed-point
values, the couplings can of course be rescaled to make the fixed-point value arbitrarily
small without changing the critical exponents.) Establishing a connection to a pertur-
bative fixed point would provide further evidence in favor of the existence of this fixed
point beyond our truncation. To explore this question, we consider the limit Nf → 0
in d = 4 − , with  lying in the interval between 0 and 1. At finite N , the limiting
case Nf = 0 results in a purely scalar model. Scalar O(N)-models are perturbatively
renormalizable in four dimensions. Yet, they are trivial [71–73], i.e., the free fixed point is
infrared attractive in the coupling. In a perturbative expansion of the beta function, this
leads to a positive one-loop coefficient. In d = 4 −  dimensions the canonical dimension
contributes a negative term that balances against the positive one-loop coefficient. This
results in a fixed point at λ∗4 ∼ . This perturbative fixed point can be extended to the
Wilson-Fisher fixed point in three dimensions, see, e.g., [74–77] for studies of the N = 1
Ising model with various methods.
The non-perturbative fixed point that we find when coupling the O(N) model in four
dimensions to Nf fermions via a non-vanishing Higgs-portal-like coupling, is based
on fermionic fluctuations that act as an effective antiscreening contribution. This
contribution balances bosonic fluctuations in the quartic coupling and allows for a
non-perturbative fixed point in the quartic coupling λ4. When fermionic fluctuations
are switched off continuously, i.e., Nf → 0, the scalar sector continuously approaches
the Wilson-Fisher fixed point. We explicitly check this for N = 1,2. While the limiting
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case Nf = 0 must of course yield the purely scalar fixed point, the continuity of the limit
Nf → 0 is nontrivial. It shows that our fixed point can partially be understood as an
extension of the Wilson-Fisher universality calss by a nontrivial fermionic sector.
In Fig. 5 the behavior of λ4 is explicitly shown in several orders of the truncation
(LPA4, LPA8 and LPA12 at N = 2). The deformation is continuous in LPA4, while higher
truncation orders seem to cause the fixed point to divert into the complex plane at
intermediate 1/Nf . At all orders it becomes real again for large 1/Nf and then converges
to the Wilson-Fisher fixed point of the purely scalar sector. In d = 3, (cf. left-hand
panel in Fig. 5) the fixed-point values continuously approach those of the Wilson-Fisher
fixed point in the corresponding truncation of the functional RG flow, see e.g. [55]. In
d = 4 +  (cf. right-hand panel in Fig. 5) we recover a perturbatively controlled limit
for a subsector of the fixed point in our model. While the fermions decouple, λhψ and
mψ approach finite asymptotic values. The fixed point in the scalar sector continuously
approaches a fixed-point value λ∗4 ∼  and accordingly merges with the Gaussian fixed
point in four dimensions. For N = 1 this smooth connection to the Wilson-Fisher fixed
point appears to be obstructed by a divergence in the fixed-point values.
Within our truncation the fermionic sector of the model seems genuinely non-perturbative.
In four dimensions the classical scaling term is of O(1) due to the negative mass-
dimension of λhψ. Balancing this term requires a non-perturbative regime in the
couplings mψ and λhψ. In d = 3 +  the classical scaling of λhψ becomes O() and there
is no longer a need for non-perturbative effects in the fermionic sector of the model.
On the other hand, now the scalar sector, in particular λ4 which has a classical scaling
of 1 −  in d = 3 + , requires non-perturbative dynamics. The limit of non-dynamical
bosons in d = 3 on the other hand leads to the vanishing of all quantum fluctuations in
our truncation, simply because there are no purely fermionic interactions. In summary,
there does not appear to be a fully perturbative limit of the fixed point that we have
discovered, as only its scalar sector can be understood as a fermion-induced deformation
of a perturbative fixed point in d = 4 − .
B Threshold integrals
The explicit threshold functions integrated with a Litim-type regulator read
l(B)dn (ωB;ηB) = 4vdd 1(1 + ωB)n+1 (1 − ηBd + 2) , (B.1)
l(F )dn (ωF ;ηF ) = 4vdd 1(1 + ωF )n (1 − ηFd + 1) ,
l(BF )dnB ,nF (ωB, ωF ;ηB, ηF ) = 4vdd 1(1 + ωB)nB(1 + ωF )nF ⎛⎝nB (1 −
ηB
d+2)
1 + ωB + nF (1 −
ηF
d+1)
1 + ωF ⎞⎠ ,
where vd is the surface of a d-dimensional sphere, i.e.,
vd = 1
2d+1pid/2Γ(d/2) . (B.2)
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Figure 5: Fixed point values of the scalar quartic coupling λ4 for N = 2 during a
decoupling of the fermionic sector, i.e., 1/Nf →∞. All fixed point values are normalized
to values at the purely scalar Wilson-Fisher fixed point of the corresponding truncation.
The left-hand panel shows convergence to the non-perturbative Wilson-Fisher fixed
point in d = 3. The right-hand panel shows convergence to perturbative fixed point
values near d = 4, i.e. d = 3.99.
C Projection rules
The following projection rules for the fermionic couplings m2ψ, λhψ and the potential
hold:
βmψ = (ηψ − 1)mψ − i δδ(ψ¯ψ) Γ˙kRRRRRRRRRRR(ψ¯ψ)→0
ρ→κ
+ λhψβκ + (d − 2 + ηφ)λhψκ ,
βλhψ = (d − 3 + ηφ + ηψ)λhψ − i δδρ δδ(ψ¯ψ) Γ˙kRRRRRRRRRRR(ψ¯ψ)→0
ρ→κ
,
U˙ = −dU(ρ) + (d − 2 + ηφ)ρU ′(ρ) + Γ˙kRRRRRRRRRRR(ψ¯ψ)→0 , (C.1)
where, in the functional derivatives, the fields are treated as constant external fields.
Plugging in the ansatz for the effective action Γk (cf. Eq. (3.3)) and using Litim-type
threshold integrals (cf. Eq. (B.1)) gives the explicit form of the β-functions, cf. Eq. (D).
We then use a polynomial ansatz for the potential U(ρ) in both the symmetric and
symmetry-broken regime, cf. Eq. 3.5. The projections on single couplings of such an
– 18 –
expansion are given by
SYM: βmφ = U˙ ′(ρ)∣
ρ→0 ,
βλ2n = U˙ (n)(ρ)∣
ρ→0 ∀ N > n > 1 , (C.2)
SSB: βκ = − U˙ ′(ρ)
U ′′(ρ) ∣ρ→0 ,
βλ2n = U˙ (n)(ρ)∣
ρ→0 + λ2(n+1) βκ ∀ N − 1 > n > 1 ,
βλ2n = U˙ (n)(ρ)∣
ρ→0 for n = N . (C.3)
D β-functions for general Nf and N
The explicit running of the scalar potential and the fermionic couplings is given by
U˙(ρ) = (d + ηφ − 2)U ′(ρ)ρ − dU(ρ) + cd ⎛⎝−dγNf (1 −
ηψ
d+1)
1 + ωψ(ρ) + (Ns − 1) (1 −
ηφ
d+2)
1 + ωG(ρ) + 1 −
ηφ
d+2
1 + ωρ(ρ)⎞⎠ ,
(D.1)
βmψ = (−1 + ηψ)mψ + λhψ∂tκ + (d − 2 + ηφ)λhψκ + cd⎡⎢⎢⎢⎢⎣ − λhψ
⎛⎝(Ns − 1) (1 −
ηφ
d+2)(1 + ωG) 2 + 1 −
ηφ
d+2(1 + ωρ) 2⎞⎠
+ 4κλ2hψ√ωψ ⎛⎝ 1 −
ηψ
d+1(1 + ωρ) (1 + ωψ) 2 + 1 −
ηφ
d+2(1 + ωρ) 2 (1 + ωψ)⎞⎠
⎤⎥⎥⎥⎥⎦ , (D.2)
βλhψ = (d + ηψ + ηφ − 3)λhψ + 4cd⎡⎢⎢⎢⎢⎣κλ3hψ
⎛⎝ 1 −
ηψ
d+1(1 + ωρ) (1 + ωψ) 2 + 1 −
ηφ
d+2(1 + ωρ) 2 (1 + ωψ)⎞⎠
− 2κλ3hψωψ ⎛⎝ 2 (1 −
ηψ
d+1)(1 + ωρ) (1 + ωψ) 3 + 1 −
ηφ
d+2(1 + ωρ) 2 (1 + ωψ) 2⎞⎠
− κλ2hψ√ωψ ⎛⎝ ω′ρ (1 −
ηψ
d+1)(1 + ωρ) 2 (1 + ωψ) 2 + 2ω
′
ρ (1 − ηφd+2)(1 + ωρ) 3 (1 + ωψ)⎞⎠
+ λ2hψ√ωψ ⎛⎝ 1 −
ηψ
d+1(1 + ωρ) (1 + ωψ) 2 + 1 −
ηφ
d+2(1 + ωρ) 2 (1 + ωψ)⎞⎠
+ λhψ
2
⎛⎝ω′G (Ns − 1) (1 −
ηφ
d+2)(1 + ωG) 3 + ω
′
ρ (1 − ηφd+2)(1 + ωρ) 3 ⎞⎠
⎤⎥⎥⎥⎥⎦ , (D.3)
where the squared effective masses ωρ(ρ), ωG(ρ) and ωψ(ρ) are given in Eq. (3.19), and
we use the shorthand notation ωi = ωi(κ) and ω′i = ∂ωi(ρ)∂ρ ∣ρ=κ.
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